We investigate the existence and statistical properties of absolutely continuous invariant measures for multidimensional expanding maps with singularities. The key point is the establishment of a spectral gap in the spectrum of the transfer operator. Our assumptions appear quite naturally for maps with singularities. We allow maps that are discontinuous on some extremely wild sets, the shape of the discontinuities being completely ignored with our approach.
Introduction
We consider piecewise invertible expanding maps T on some compact subset f~ of ]R N. The transformation T is locally uniformly expanding. However, due to the presence of persistent singularities, it may not satisfy some nice combinatorial behavior (like Markov partition, finite range structure, etc.). Therefore abstract dynamical coding like symbolic dynamics will not be considered.
The main focus of this paper is to prove the existence of a T-invariant probability measure absolutely continuous with respect to the Lebesgue measure m (in short ACIM). One way to find such a measure (and its properties) is to study the spectrum of the Perron-Frobenius (PF) or transfer operator, defined by the dynamic. This approach has been successfully carried out in the one-dimensional case [LY] . It is now proven that any piecewise monotonic map of the interval which is eventually expanding* --provided that T has some smoothness--possesses an ACIM and the dynamic decomposes very simply into "chaotic" elements. Despite several attempts, the same question is still open in the multidimensional case. The unexpected difficulties are essentially due to the following facts:
(1) One has to find a functional space rich enough to contain the density (which may be discontinuous) but not too wide (to give PF a nice spectral decomposition).
(2) In more than one dimension, the geometry of the dynamical partition becomes a crucial ingredient. Point (1) has been extensively solved with functions of bounded variation** and some adaptation of them [BG] . This method, although highly powerful in dimension one, led to difficult problems in our case, essentially coming from point (2).
The analysis of PF requires, in the non-Markovian case, a combination of an extension and a trace theorem. This is one of the main problem in the multidimensional case.t The main difficulty comes from the fact that the variation does not control the supremum of a function. This point is the source of most of the problems; the need to control the integral of the function (actually, its trace on the surface) along a codimension one smooth surface appears to be unavoidable. Here is the point where assumptions on the shape of the partition arise (in particular, codimension one, piecewise g(2) smoothness of the boundary and absence of cusps). We have to mention [Za] , where the author avoids this problem, essentially using the fact that from outside, cusps can be simply forgotten (see Fig. 1 ). But the difficulty remains if "the outside" does not exist, like in the example by [BGP] , where the persistence of the problem is clearly identified/[~ We propose here for point (1) to work with a functional space introduced in * A map T is called eventually expanding when the inverse of the Jacobian matrix of some iterate T ~ of the map has a norm strictly bounded by one. For maps of the interval, this property reduces to the fact that for some n > 0, DT n is bounded from below by some constant strictly larger than one. ** In more than one dimension, the notion of bounded variation does not rely on any ordered structure. Bounded variation functions are functions for which the derivative, in the sense of distributions, is a measure whose total variation is finite. ]~ Also in dimension one if the Darboux property does not hold (a map satisfies the Darboux property whenever the image of an interval is again an interval). tt The title of the paper, "Inadequacy of the bounded variation technique..." does not leave any doubt !
